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:["GJM\GJX4VNM\G
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1, . . . , k
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tpsh X8hﬀ`Xerb]WUTU]ul ﬀ`S ]
Ml,Mj
a
1 ≤ j < l ≤ k gcd(Ml,Mj) ≤ 6 a?X8h$UV
gcd(M1, . . . ,Mk) ≥ 2 i
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ÃLMtVfQ ;la\GTMPd+K+O\^`VfS]zŁa\^eS"_TG·OR["GŁQV0m""qeVu_TqK+a\a\GJaBK+M\GﬁILKN^eM¤>u^ea\G·m"^`a8tVf^`S.O">wGŁ["K-dfGﬁOR["K+O&X4VfM
GJdfGJMth
ILKN^eM
Ml,Mj
b
1 ≤ j < l ≤ k b gcd(Ml,Mj) ≥ 2 B}0"I"I¨VfatG·OR[lGTM\G@GÅ1^`aPORa 1 ≤ j < d < i <
l ≤ k a\"_³[OR[LK+O gcd(Mi,Mj,Ml,Md) = 1 bOR[lGTS=;.h v;"a\GJMtd+K>OR^eVfS"a0¬WK+S"m 	 K+q`VfS"s*>u^gOR[oVf"M$KNai{
a\lQ]IlO\^`VfSlaTb-O\["G@^`S.ORGJsfGTMta
gcd(Mi,Mj)
b
gcd(Mi,Md)
b
gcd(Mk,Mj)
b
gcd(Md,Mk)
b
gcd(Md,Mj)
b
KNS"m
gcd(Mi,Mk)
Q»latOKNq`qg;¨G]^eS OR[lG]MRKNSlsfG
2 ≤ n ≤ 6 K+S"m¤Q»"atO=;¨G]ILK+^`M >u^`a\GM\GJqK+O\^edfGJqeh
I"Mt^`QGN CV@>wG¦dfGTM»O\["^`a^`a^`QI¨Vfa\at^;"qeGat^`S"_JG O\["GTMtG¾KNM\G VNS"qeh¬ﬂI"M\^eQ]GJa^eS)OR["^eaM\GJsf^`VNS=q:[0"a
X4VfMoG¦dfGTMPh X4Vf"M\atVfQG
Ml,Mj,Mi,Md
b
1 ≤ j < d < i < l ≤ k b gcd(Ml,Mj,Mi,Md) ≥ 2 
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gcd(Mj1 ,Mj2 , . . . ,MjL−2) ≥ 2
b"KNS"m¾OR[lGTM\G
GÅ1^eatORa
1 ≤ j1 < j2 < · · · < jL ≤ k
a\l_[ O\[LK+O
gcd(Mj1 ,Mj2 , . . . ,MjL) = 1
bŁO\["GTS ;.h v;"a\GJMtd+K>OR^`VNS"aR¬ KNS"m
	
K+q`VfS"sm>u^eOR[ VN"M
KNata\"QIlOR^eVfS"aJb"O\["Go^`S.ORGTsNGTMta
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Q»"aPO&KNqeq;¨G·^eS
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Mj1 ,Mj2 , . . . ,MjL
b
gcd(Mj1 ,Mj2 , . . . ,MjL) ≥ 2
b
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gcd(M1, . . . ,Mk) ≥ 2  
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gcd(M1,M2) < 2
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gcd(M1,M2) = 1
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M1
KNS"m
M2
KNMtG MtGTq`K+OR^gdfGTqgh
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M1M2
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S"VNOWm"^eaLtVf^eSUOTbl["V>ŁGJdfGTM
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OR["GI"^em"sfGTVNSZ["VNq`GI"M\^eS"_J^`I"qeG
OR["GJM\GGuÅ1^`atO\a
al, aj
b
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1 ≤ j < l ≤ 4
gcd(Ml,Mj) = 2
 :[l^`a]QG<KNS"aO\[LK+Oª;.h OR["GﬂI"^`mlsfGTVfS ["VfqeGﬂIlM\^`Sl_T^eI"q`G¾OR[lGTM\GﬂG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KNata\"QIlOR^eVfS"aJ
:[0laW^`SGT^gOR["GJMu_TKNa\G>wGK+M\M\^gdfGoK+OWK_JVfSUO\MRKNm"^e_JO\^`VfSﬃ

 ﬂﬁF\HJ ﬃ  F  " Pt@H$r@^@UŁf~UAhﬀ`TUEﬀ`S8]ufgS^@UEzS^L¡rbS8V$X
y
rzt\{rmp{C`b^s^@Us^
ai mod Mi
i = 1, . . . , 5
X8h$UVoX8h$U]sUAU¤£S^XL^
Ml,Mj
a
1 ≤ j < l ≤ 5 ^t$pshX8hﬀ`X gcd(Ml,Mj) ≥ 5 i

]_rrY
i
}0"I"I¨VfatGS"VNOTbOR[lGTS >wG ["K-dfG
µ
ILK+^`M¤>u^ea\Gﬂm"^eaLtVf^eSUO]Q]V0ml"q`V)_Tq`KNa\atGTa
ai mod Mi i =
1, . . . , 5
a\"_³[OR["K+OHX4VfMHG¦dfGTMPh ILKN^eM
Ml,Mj
b
1 ≤ j < l ≤ 5 gcd(Ml,Mj) ≤ 4 ÂŁh v;"a\GJMtd+K>{
OR^eVfS
µ
b
gcd(M1,M2,M3,M4,M5) ≥ 2 b"OR[U"aWGJ^eO\["GTMWx¶VNM¬¶m"^ed0^em"GTa Mi i = 1, . . . , 5 
}1"IlI¨Vfa\G ¬ m"^gd1^em"GTa
Mi i = 1, . . . , 5
b»O\["GTSX4VfMG¦dfGTMPhILKN^eM
Ml,Mj
b
1 ≤ j < l ≤ 5
  
	ﬀﬁﬀﬂﬃﬀﬃ "!#$%ﬃ&ﬁ('%)*
gcd(Ml,Mj) = 3
 :[l^`a]QG<KNS"aO\[LK+Oª;.h OR["GﬂI"^`mlsfGTVfS ["VfqeGﬂIlM\^`Sl_T^eI"q`G¾OR[lGTM\GﬂGÅ1^`aPORa
al, aj
b
1 ≤ j < l ≤ 5 a\l_[OR["K+O al ≡ aj mod gcd(Ml,Mj) :[U"a;Uh ;la\GTMPd+K+O\^`VfS x]O\["G
µ
QV0m1{
"qeVZ_TqK+a\a\GJa»^`S D0lGTatO\^`VfS KNM\G S"V+O»ILKN^eM¤>u^`atG ml^`aLtVN^`S.O<b6[lV>wG¦dfGTM»O\["^`a_TVfS.ORMRK+m"^`_¦ORaVflMVfM\^esf^eSLKNq
KNata\"QIlOR^eVfS"aJ
}1"IlI¨Vfa\G x m"^gd1^em"GTa
Mi i = 1, . . . , 5
b»O\["GTSX4VfMG¦dfGTMPhILKN^eM
Ml,Mj
b
1 ≤ j < l ≤ 5
gcd(Ml,Mj)|4 4:["^`a@QGTKNS"aBO\[LK+Og;UhOR["GI"^em"sfGJVfS¶["Vfq`G IlM\^`Sl_T^eI"q`GŁO\["GTMtGuGuÅl^eatO\a al, aj b 1 ≤ j <
l ≤ 5 a\"_³[ZOR[LK>O al ≡ aj mod gcd(Ml,Mj) :[0lav;.h v;"a\GJMtd+K>OR^`VNSxO\["G
µ
QV0m""q`V_Tq`KNa\a\GJa
^`S¦DU"GTaPOR^`VNS KNM\G~S"VNOILK+^`M¤>u^ea\GHm"^`a8tVf^`S.O<b1[lV>wG¦dfGTMO\["^`a _JVfSUO\MRKNml^`_¦ORa Vf"M VfMt^`sf^eSLKNq¨KNa\at"Q]I1OR^`VNS"aT
:[0laW^`SGT^gOR["GJMu_TKNa\G>wGK+M\M\^gdfGoK+OWK_JVfSUO\MRKNm"^e_JO\^`VfSﬃ

 ﬂﬁF\HJ ﬃ  F  " Pt@H$r@^@UŁf~UAhﬀ`TU<ﬀ`S8]ufgS^@UEzS^L¡rbS8V$X
y
rzt\{rmp{C`b^s^@Us^
ai mod Mi
i = 1, . . . , 6
X8h$UVoX8h$U]sUAU¤£S^XL^
Ml,Mj
a
1 ≤ j < l ≤ 6 ^t$pshX8hﬀ`X gcd(Ml,Mj) ≥ 6 i
 ]_rrY
i
}0"I"I¨VfatGS"VNOTbOR[lGTS >wG ["K-dfG|¤ILK+^`M¤>u^ea\Gﬂm"^eaLtVf^eSUO]Q]V0ml"q`V)_Tq`KNa\atGTa
ai mod Mi i =
1, . . . , 6
a\"_³[OR["K+OHX4VfMHG¦dfGTMPh ILKN^eM
Ml,Mj
b
1 ≤ j < l ≤ 6 gcd(Ml,Mj) ≤ 5 ÂŁh v;"a\GJMtd+K>{
OR^eVfS
µ
b
gcd(M1,M2,M3,M4,M5,M6) ≥ 2 blOR[U"aWGJ^eO\["GTMWx1b$¬lb"VfM
µ
m"^gd0^`m"GJa
Mi i = 1, . . . , 6

}1"IlI¨Vfa\G ¬ m"^gd1^em"GTa
Mi i = 1, . . . , 6
b»O\["GTSX4VfMG¦dfGTMPhILKN^eM
Ml,Mj
b
1 ≤ j < l ≤ 6
gcd(Ml,Mj) = 3
 :[l^`a]QG<KNS"aO\[LK+Oª;.h OR["GﬂI"^`mlsfGTVfS ["VfqeGﬂIlM\^`Sl_T^eI"q`G¾OR[lGTM\GﬂGÅ1^`aPORa
al, aj
b
1 ≤ j < l ≤ 6 a\l_[OR["K+O al ≡ aj mod gcd(Ml,Mj) :[U"a;Uh ;la\GTMPd+K+O\^`VfS x]O\["G¶|jQV0m1{
"qeVZ_TqK+a\a\GJa»^`S D0lGTatO\^`VfS KNM\G S"V+O»ILKN^eM¤>u^`atG ml^`aLtVN^`S.O<b6[lV>wG¦dfGTM»O\["^`a_TVfS.ORMRK+m"^`_¦ORaVflMVfM\^esf^eSLKNq
KNata\"QIlOR^eVfS"aJ
}1"IlI¨Vfa\G x m"^gd1^em"GTa
Mi i = 1, . . . , 6
b»O\["GTSX4VfMG¦dfGTMPhILKN^eM
Ml,Mj
b
1 ≤ j < l ≤ 6
gcd(Ml,Mj)|4 4:["^`a@QGTKNS"aBO\[LK+Og;UhOR["GI"^em"sfGJVfS¶["Vfq`G IlM\^`Sl_T^eI"q`GŁO\["GTMtGuGuÅl^eatO\a al, aj b 1 ≤ j <
l ≤ 6 a\"_³[ZOR[LK>O al ≡ aj mod gcd(Ml,Mj) :[0lav;.h v;"a\GJMtd+K>OR^`VNSxO\["G|]QV0m""q`V_Tq`KNa\a\GJa
^`S¦DU"GTaPOR^`VNS KNM\G~S"VNOILK+^`M¤>u^ea\GHm"^`a8tVf^`S.O<b1[lV>wG¦dfGTMO\["^`a _JVfSUO\MRKNml^`_¦ORa Vf"M VfMt^`sf^eSLKNq¨KNa\at"Q]I1OR^`VNS"aT
}1"IlI¨Vfa\G
µ
m"^gd1^em"GTa
Mi i = 1, . . . , 6
b»O\["GTSX4VfMG¦dfGTMPhILKN^eM
Ml,Mj
b
1 ≤ j < l ≤ 6
gcd(Ml,Mj) = 5
 :[l^`a]QG<KNS"aO\[LK+Oª;.h OR["GﬂI"^`mlsfGTVfS ["VfqeGﬂIlM\^`Sl_T^eI"q`G¾OR[lGTM\GﬂGÅ1^`aPORa
al, aj
b
1 ≤ j < l ≤ 6 a\l_[OR["K+O al ≡ aj mod gcd(Ml,Mj) :[U"a;Uh ;la\GTMPd+K+O\^`VfS x]O\["G¶|jQV0m1{
"qeVZ_TqK+a\a\GJa»^`S D0lGTatO\^`VfS KNM\G S"V+O»ILKN^eM¤>u^`atG ml^`aLtVN^`S.O<b6[lV>wG¦dfGTM»O\["^`a_TVfS.ORMRK+m"^`_¦ORaVflMVfM\^esf^eSLKNq
KNata\"QIlOR^eVfS"aJ
:[0laW^`S KNS.h¾VNX&OR["G
OR[lM\GTGo_<K+a\GTa>wGKNM\Mt^edfGoK+OWK¶_TVfS.ORM\KNm"^`_¦OR^eVfS=

 ﬂﬁF\HJ ﬃ  F  " °Pt@H$r@^@UŁf~UAhﬀ`TU=ﬀ`S8]ufgS^@UEzS^L¡rbS8V$X
y
rzt\{rmp{C`b^s^@Us^
ai mod Mi
i = 1, . . . , 7
X8h$UVoX8h$U]sUAU¤£S^XL^
Ml,Mj
a
1 ≤ j < l ≤ 7 ^t$pshX8hﬀ`X gcd(Ml,Mj) ≥ 7 i

]_rrY
i
}0"I"I¨VfatGS"VNOTbOR[lGTS >wG ["K-dfG)ILK+^`M¤>u^ea\Gﬂm"^eaLtVf^eSUO]Q]V0ml"q`V)_Tq`KNa\atGTa
ai mod Mi i =
1, . . . , 7
a\"_³[ OR["K+OX4VfMGJdfGTMPh ILKN^eM
Ml,Mj
b
1 ≤ j < l ≤ 7 gcd(Ml,Mj) ≤ 6 ¢ÂŁh v;1{
a\GJMtd+K>OR^`VNS
µ
b
gcd(M1,M2,M3,M4,M5,M6,M7) ≥ 2 b OR[0lajGJ^eO\["GTMjx1b¬lb VfM
µ
m"^gd0^`m"GJa
Mi
i = 1, . . . , 7

}1"IlI¨Vfa\G
µ
m"^gd1^em"GTa
Mi i = 1, . . . , 7
b»O\["GTSX4VfMG¦dfGTMPhILKN^eM
Ml,Mj
b
1 ≤ j < l ≤ 7
gcd(Ml,Mj) = 5
 :[l^`a]QG<KNS"aO\[LK+Oª;.h OR["GﬂI"^`mlsfGTVfS ["VfqeGﬂIlM\^`Sl_T^eI"q`G¾OR[lGTM\GﬂGÅ1^`aPORa
al, aj
b
1 ≤ j < l ≤ 7 a\l_[OR["K+O al ≡ aj mod gcd(Ml,Mj) :[U"a;Uh ;la\GTMPd+K+O\^`VfS x]O\["G	 QV0m1{
"qeVZ_TqK+a\a\GJa»^`S D0lGTatO\^`VfS KNM\G S"V+O»ILKN^eM¤>u^`atG ml^`aLtVN^`S.O<b6[lV>wG¦dfGTM»O\["^`a_TVfS.ORMRK+m"^`_¦ORaVflMVfM\^esf^eSLKNq
KNata\"QIlOR^eVfS"aJ
}1"IlI¨Vfa\G ¬ m"^gd1^em"GTa
Mi i = 1, . . . , 7
b»O\["GTSX4VfMG¦dfGTMPhILKN^eM
Ml,Mj
b
1 ≤ j < l ≤ 7
gcd(Ml,Mj)|6 4:["^`a@QGTKNS"aBO\[LK+Og;UhOR["GI"^em"sfGJVfS¶["Vfq`G IlM\^`Sl_T^eI"q`GŁO\["GTMtGuGuÅl^eatO\a al, aj b 1 ≤ j <
ﬃ %)   |ﬃﬁ( %ﬃ )(ﬃ ﬃ ﬀﬃ  
l ≤ 7 a\"_³[ZOR[LK>O al ≡ aj mod gcd(Ml,Mj) :[0lav;.h v;"a\GJMtd+K>OR^`VNSxO\["G QV0m""q`V_Tq`KNa\a\GJa
^`S¦DU"GTaPOR^`VNS KNM\G~S"VNOILK+^`M¤>u^ea\GHm"^`a8tVf^`S.O<b1[lV>wG¦dfGTMO\["^`a _JVfSUO\MRKNml^`_¦ORa Vf"M VfMt^`sf^eSLKNq¨KNa\at"Q]I1OR^`VNS"aT
}1"IlI¨Vfa\Gxml^ed0^`m"GJa
Mi i = 1, . . . , 7
b¨OR[lGTS?>wG_TKNS ILKNMPOR^gOR^eVfSOR["Ga\G¦O
Mi i = 1, . . . , 7
^eSﬂO\["G
X4Vfqeq`V@>u^eS"s> K<hf
Mi ∈ A ^gXKNS"m VfSlqeh^gX 2|Mi b|;llO 4 m"V0GJawS"V+Owm"^gd1^em"G Mi b1KNS"m 6 mlV0GTawS"V+Owm"^gd0^`m"G Mi  Mi ∈ B
^eXﬁK+S"m VNS"qehﬂ^gX
4|Mi b;"lO 6 m"V0GTa
S"V+O
m"^ed0^em"G Mi  Mi ∈ C ^eXﬁKNS"mVfS"qghﬂ^eX 4 m"V0GJa
S"VNO
m"^gd0^`m"G
Mi
b­K+S"m
6|Mi  KNS"m Mi ∈ D ^gX6KNSlm VfS"qeh ^eX 12|Mi 
CV+OR^`_JGHOR["K+O O³KU^eS"sKNM¤;"^eO\MRKNMPh
x ∈ A b y ∈ B b"KNS"m z ∈ C O\["GTS gcd(x, y) = 2 b gcd(x, z) = 2 b
KNS"m
gcd(y, z) = 2
bﬃOR[0la~OR["G»_<KNMtm"^`S"KNq`^gOph VNX
A ∪ B ∪ C ^`aHS"V¾sfMtG<K+O\GTMHOR[LK+S ¬jqeGTaPOv>wG¶[LK<dfG
K _TVNSUORM\KNm"^e_JOR^eVfS=,:[0la~OR["G_<KNMtm"^`S"KNq`^gOphVNX
D
^eaHsfMtG<K+O\GTMCOR["KNSVNMHG DULKNqO\V
	
 WV>wG¦dfGTM~O\["^`a
_TVNSUORM\KNm"^e_JO\auVf"MVfMt^`sf^eSLKNqﬃK+a\a\"QIlO\^`VfSlaT
CGJS"_TG>ŁGKNM\Mt^edfGoK>OCK¶_TVfS.ORM\KNm"^`_¦OR^eVfS¾^`S KNqeqﬃ_<KNatGTaJ

: [0"ae§wVfSbtGJ_JO\"M\Gzo[LKNa;¨GTGJSZGJatORK;"q`^ea\["GJmX4VfM
k ≤ 7 
	
 ¸$»9¸1	¸À50¹ /
WGTMtGn>u^eq`qI"M\GJa\GTS.OK¾I"MtV0VNXŁV+X&:["GTVfMtGTQ zfb>u["^e_³[ ^`a~a\^eQ]^eq`K+MCO\Vq§wVfSbtGJ_JORlM\G zNb["V>ŁGJdfGTM
MRK>OR["GJMOR[LK+S I"M\V-d0^`S"s
gcd(Ml,Mj) ≥ k >wG>u^eq`qﬃI"MtVdfG
OR[LK>O gcd(Ml,Mj) ≥
√
k

¨"FMbF\© N$P&tH$r@^@Uf~U*hﬀ`TU* ﬀ`S8]ufgS^@U,zS^L¡rbS8V$X
y
r zt\{rAp{C`b^s^@Us^
ai mod Mi i = 1, . . . , k
X8h$UVoX8h$U]sUAU¤£S^XL^
Ml,Mj
a
1 ≤ j < l ≤ k ^tpshXLhﬀ`X gcd(Ml,Mj) ≥
√
k i

]_rrY
i
}0"I"I¨VfatGS"V+O<b OR["GJS >wG ["K-dfGm I"KN^`M >u^`atGZml^`aLtVN^`S.O]Q]V0m"lq`V)_Tq`KNata\GTa
ai mod Mi i =
1, . . . , k
a\l_[ OR["K+OX4VfMGJdfGJMth ILKN^eM
Ml,Mj
b
1 ≤ j < l ≤ k gcd(Ml,Mj) <
√
k
 }1^`Sl_TG
OR[lGTM\GﬂKNM\GﬂK+OQ]VNatO
k − 1 I¨Vfata\^;lq`Gm"^`aPOR^`Sl_JOQV0m""q`V _JqKNata\GJaR>u[lVfa\GﬂQV1ml"q`la^`aqeGTataO\[LKNS√
k
 )G[LK<dfGOR[LK+O,;UhOR["GI"^`mlsfGTVfSﬂ["VfqeGI"Mt^`S"_J^`I"qeG
OR["GJM\GGuÅl^eatO\a
al, aj
b
1 ≤ j < l ≤ k at"_³[
OR["K+O
al ≡ aj mod gcd(Ml,Mj) :[U"a;.h v;"atGTMPd+K+O\^`VfSﬂxO\["G QV0m""qeV¶_JqKNata\GJau^`S
D0lGTatO\^`VfS
KNMtGS"V+OI"KN^`M >u^`a\G»m"^`a8tVf^`S.O<b=["V@>wG¦dfGTMoOR["^ea
_TVNSUORM\KNm"^e_JORa
Vf"M
VfMt^`sf^eS"KNq6KNa\at"QIlOR^eVfS"aTA:[0laoOR["G
OR[lGTVfMtGTQ ^`aI"MtVdfGJm=

µ
e29-06%¹\5ÇÀ7829-
:&V _TVfSl_Tqe"m"GNbﬁOR["G
LGJq`m VNXHSU"QA;¨GTM¶O\["GTVfMPh ^`aKoLGTqem VNXHQ]K+O\["GTQ]K+OR^e_JaA>u^gOR[ Q]KNS.h Mt^`_³[=b
m"^gdfGTM\atGNb.KNSlm»m"^CB]_J"qgO6VNIGJS»I"M\V;"q`GJQ]aJÇ:["GJa\G I"M\GJq`^eQ]^gSLKNMPh
M\GJa\"qgORa4;"KNM\GJqehat_TM\K+OR_³[»O\["Gwa\lMtXKN_JG
VNX¶>u[LK+OMtGTQ]KN^eS"a~O\V;¨GŁUS"V@>uS)M\GJs.KNM\ml^`S"s¾QV0m""q`Vj_Tq`KNa\a\GJaTn,;¨GTqe^`G¦dfG¶O\[LK+O
OR["GJa\GI"MtV;"qeGTQa
KNMtGoVNXILKNMRK+Q]VN"SUO^`QI¨VfMtORKNS"_JGNb"KNS"mO\[LK+OOR["^eaWK+M\GTKM\GD0l^`M\GJauX4lMtOR[lGTMuatO\"mlhN
¸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